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The symmetric group

Part 2



is the group of bijections Sn

σ : {1, 2, . . . , n} → {1, 2, . . . , n}

under composition of maps.

Clearly,                 .|Sn | = n!
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σ(6) = 1



Cycle notation

σ = (163)(45)(2)

Example:

Cycle type:

σ = (3, 2, 1)



Generators

Transpositions          generate the whole group. (i, j)

In fact, adjacent transpositions are sufficient, 
since (assuming           )i < j

(i, j) = (i, i+1) . . . (j−2,−1)(j−1, j) . . . (i + 1, i+2)(i, i+1)



Subgroups

Cayley’s theorem:

Any finite group       is a subgroup of         .G S|G |



Subgroups

permutesSk < Sn {1, 2, . . . , k}

Sλ = Sλ1
× Sλ2

× . . . × Sλk
< Sn permutes

{1, 2, . . . , λ1} , {λ1 +1, . . . , λ1 +λ2} , . . . , {n−λk, . . . , n}



Normal subgroups

An = { σ ∈ Sn | sgn (σ) = 1 }

For           this is the only one!n≥ 5



Representations



1.  The trivial representation ρtriv(σ) = (1)

2.  The alternating representation ρtriv(σ) = sgn(σ)

3.  The defining representation [ρdef(σ)]i,j = δσ(i),j

reducible!!!



Young diagrams

integer partitions λ ! n↔

↔ irreducible representations ρ ∈ R



Young Tableaux

1 3 6 7

2 5

4

standard tableau if numbers increase left to right 
and top to bottom

standard tableaux 
of shape λ ↔

dimensions of ρλ



Young’s Orthogonal Representation (YOR)

[ρλ(τk)]t,t = 1/dt(k, k+1)

[ρλ(τk)]τk(t),t =
√

1 − 1/dt(k, k+1)2
τk(t)if

standard

ρλ(σ)All            are real!



S4

d = 1

d = 1

d = 3

d = 3

d = 2

ρ(4)(σ) = (1)

ρ(1,1,1,1)(σ) = (sgn(σ))



Sn

d = 1

d = n − 1

d = n(n−3)/2

d = (n−1)(n−2)/2

d = n(n−1)(n−5)/6



Hook rule

li = length of hook i

dλ =
n!

∏n

i=1
li



Restricted representations

If     is a representation of      
        is a representation of        given by

ρ

ρ↓Sk

Sn

Sk

ρ↓Sk
(σ) = ρ(σ) σ ∈ Sk.



Young’s Rule

ρλ ↓Sn−1
(σ) =

⊕
ρλ−(σ)

λ− ! n − 1

λ− < λ

In YOR





Bratelli diagram



Clausen’s FFT for Sn



Define the contiguous cycle

!i, j" = (i, i+1, i+2, . . . , j)

!1, n"Sn−1, !2, n"Sn−1, . . . , !n, n"Sn−1The cosets

form a partition of Sn

Idea:  decompose FT over      into     smaller 
FTs over the                cosets.

Sn n

!i, n"Sn−1



=
n∑

i=1

∑

σ′∈Sn−1

ρλ(!i, n"σ′) f(!i, n"σ′)

=
n∑

i=1

ρλ(!i, n")
∑

σ′∈Sn−1

ρλ(σ′) f!i,n"Sn−1
(σ′)

=
n∑

i=1

ρλ(!i, n")
⊕

f̂!i,n"Sn−1
(λ−)

λ− ! n − 1

λ− < λ

f̂(λ) =
∑

σ∈Sn

ρλ(σ) f(σ)
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Op count

•          is a product of           adjacent transpositions!i, k" k − i

ρλ(!i, j") · M•  Computing                     takes          time2 d
2

λ

d
2

λ = k!λ ! k•  For           

n∑

k=1

k∑

i=1

2 (k − i)n! = n!
(n + 1) n (n − 1)

3

•  Layer     has          Fourier transforms.k n!/k!



Snob



http://www.cs.columbia.edu/~risi/SnOB

http://www.cs.columbia.edu
http://www.cs.columbia.edu
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Sparse transforms



Twisted transforms

Restrict to two sided cosets σLSkσR



The isotypal components of Sn



Persi Diaconis

“Group Representations in 
Probability and Statistics”
IMS, 1988



Interpretation of     :    rank of     is   σ j i = σ−1(j)

Partial rankings:                             cosetsσ(Sλ1
× . . . × Sλk

)

Permutation representations: 

[

ρk(σ)
]

(j1,...,jk),(i1,...,ik)
=

{

1 if σ(ia) = ja, a = 1, 2, . . . , k

0 otherwise
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T−1ρk T =

⊕
ρλ

λ ! n − k

λ ≥ (n − k)



Application:  multi-object tracking
R. Kondor,  A. Howard,  T. Jebara (AISTATS 2007)
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http://www4.passur.com/jfk.html

http://www4.passur.com/jfk.html
http://www4.passur.com/jfk.html


Band limited approximation to p(σ)

n n!

2 2

3 6

4 24

5 120

6 720

7 5040

8 40320

9 362880

10 3628800

11 39916800

12 4.8 · 108

...
...

15 1.3 · 1012

...
...

20 2.4 · 1018

∆σ1,σ2
=











1 if σ1 = (i, j) · σ2

− n(n−1)/2 if σ1 = σ2,

0 otherwise.

αλ = −

(

n

2

) (

1 −

tr [ρλ((1, 2)]

dλ

)



d = 1

d = n − 1

d = n(n−3)/2

d = (n−1)(n−2)/2

d = n(n−1)(n−5)/6

d = n(n−2)(n−4)/3

d = (n−1)(n−2)(n−3)/6



1.  Noise:  diffusion over transpositions

2.  Observations:            with probability    Oi→j π

3.  Inference:  p[σ(i) = j]



1. Noise model

pt′ =

(

I +
β(t′ − t)

m
∆

)m

pt = eβ(t′−t)∆ m → ∞

p̂t′(ρλ) = e
βαλ(t′−t)

p̂t(ρλ)

cost: O(d2

max)



2. Observations

p ( Oi→j |σ ) =

{

π if σ(i) = j,

(1 − π)/(n−1) if σ(i) "= j.

Compute the FT of fi→j(σ
′) = f(!j, n"σ′ !i, n"−1)

f̂(λ) =
n∑

j=1

ρ(!j, n")
[⊕

λ−

f̂i→j(ρλ−)
]

ρ(!i, n"−1)

cost:  O(d2

maxn)



3.  Inference

p[σ(i) = j] = p̂i→j((n−1))

cost:   O(n3)
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Results

2 3 4 5 6 7 8 9 10 11
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0.2

0.22

0.24

0.26

0.28

0.3

0.32

2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

0.2

0.25

n = 6

n! = 720

n = 10

n! = 6.6 · 106

n = 15

n! = 1.3 · 1012

n = 15

n = 30ρ(4), ρ(n−1,1), ρ(n−2,2), ρ(n−2,1,1)

using just the components t ≈ 59ms

t ≈ 3s


